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Formulas to calculate the energies of the hybridized valence states are given. The formulas cover
any of the hybridized valence states, so far as the valence orbitals involved are s — p hybrids, and are
useful in the sense that they give essentially the same results as those obtained with the modified
Opik method [1] quickly. The prescriptions and the numerical data for the actual evaluation of the
hybridized valence-state energies are also given with particular reference to the atoms and the ions
of carbon, nitrogen, and oxygen. In Appendix, addenda and corrigenda of the previous paper [1]
are given.
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1. Introduction

In a previous paper [1], it has been pointed out that off-diagonal terms,
corresponding to interactions among multiplets of the same symmetry arising
from different configurations participating in the hybridized valence state, must
also be considered in addition to the diagonal terms considered in Opik’s
method for evaluation of the hybridized valence-state energies [2], in order that
Moffitt’s [3] philosophy of defining the valence state be preserved even for the
hybridized valence states. This modified Opik method however is too compli-
cated to be used. Therefore, formulas useful for the evaluation of the energies
of hybridized valence states in the sense that they give essentially the same results
as those obtained with the modified Opik method quickly have been derived,
although we have confined ourselves to those valence states which involve s—p
hybrid AO’s only. It is the purpose of the present paper to present such formulas
and to give the prescriptions for the actual evaluation of the hybridized
valence-state energies of the atoms and the ions of carbon, nitrogen, and
oxygen.

2. Derivation of Formulas

Since we are confining ourselves to valence states involving s—p hybrid orbi-
tals only, the atomic orbitals containing valence electrons may be expressed

as ti = CsiS + cxi')C + Cyiy + cziz (l = 19 29 35 4) (1)
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without loss of generality. In Eq. (1), s, x, v, and z represent the s, p,, p,, and the
p. AO, respectively, while ¢, c,;, ¢, and c,; are numerical coefficients subject
to the orthonormalization conditions of #;’s. The formulas to be presented are
then as follows:

E(t,, Vx)‘*cszx E(s, V) =1 “Cszt) E(x, V)=0, 2
E(tyty, Vy) = (¢ + &) E(sx, Vo) — (1 — ¢&, — &) E(xy, V) 3)
=(1/2) Cs21 Cszz Q,
E(t3, Vo) — ¢ E(s2, Vo) ~(1 = ) E(x*, Vo) =& (c5 — 1) Q. @
E(tytats, Va) — (1 —cZ) E(sxy, V3) — cZ, E(xyz, V3) 5)
=(1/2)(ch &+ chich+chek) 0,
E(t3t,, Vi) — Qe + ¢k — D E(s*x, 1))
-2~ 20521 - Cszz) E(sz, Vi)
4,2 2 2 2 (6)
=(C tecr— 20—, +1) 0
- S(Cszx + Cs22 ~-HR,
4
E(ty 11514, V)~ Blsyz, Vo) = (1/4) (1 -3 c;‘i) 0, a)
E(tityty, Vo) — (i — c2) E(s*xy, Vo) — (1 — ¢ + ¢2,) E(sx?y, V)
8
=[le—chel+(1/2) k10 +5¢4R, ®)
E(£}13, Vo) — (&1 + ¢&) E(s*x%, Vo) — (1 — ¢4 — &) E(x*y%, Vy) ©)
=(ch +ch) (A +c-1Q,
E(t} 151514, V3)— cdy E(s* xyz, Vi) — (1 — c&4) E(sx? yz, V)
10
=(12) (¢t el + chel +chck) @, a0
E(t1 6515, Vy) — (cdy + ¢k — c&) E(s*x*y, V)
—(L—c} —c + &) E(sx*y, Vy) (1Y
= Cs24(1 - cs21 - Cszz) 0+ 5C§4R >
E(ti 31314, Vo) — (L —c& — cZ) E(s*x*yz, V) (12)
— (e +cly) E(sx*y?z, Vo) =(1/2) ks ¢, Q,
E(t1 1513, Vo) — (1 — c2y) E(s* X2 y2, Vo) (13)

- Cs24 E(x*y*z?, Vo) = Cs24(cs24 -1Q,

E(tf13650,, Vi) — (1 — ¢Z) E(s*x?y?z, V}) — ¢ E(sx*y*22, V})=0. (14)
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In Egs. (2)—(14), Q and R are the following combinations of the usual electron
repulsion integrals:

Q0 = (ss|ss) + (xx] xx) — 2(ss| xx) — 4(sx| sx),

(15)
R = (sx|5x) —(xy|xy).

The idea underlying our formulas is to express the energy of a hybridized
valence state with reference to an appropriate weighted mean of energies of a
pair of unhybridized valence states, in such a way that the core energies which
are difficult to estimate do not appear in the formulas. The choice of the
weights and the reference unhybridized valence states is, however, not unique.
Our choice is based on the requirements that the resulting formula is as com-
pact as possible and that the reliable values of the reference unhybridized
valence-state energies are easily available.

Formulas (2)—(14) may be proved in the following ways:

(i) Write the energy expressions of the hybridized valence states in terms of
the one- and the two-electron integrals over hybrid AO’s.

(i) Expand these integrals in terms of integrals over unhybridized AQO’s,
using Eq. (1). The energy expressions of the hybridized valence states in terms
of integrals over unhybridized AQO’s will then be obtained.

(iii) Write the energy expressions of the unhybridized valence states appearing
in the left-hand sides of Eqs. (2)—(14) in terms of integrals over unhybridized
AO’s.

(iv) Make the expressions of the left-hand sides of Egs. (2)—(14), using the
valence-state energy expressions obtained in (ii) and (iii) above. Equations (2){(14)
will then be obtained by using assumptions for the one- and the two-electron
integrals, which are best described with reference to some examples. Let us take
Eq. (10) as an example. If one looks at the expressions of the quantities

E(titytsty, Vs), (16)
E(Szxyza V3) ’ (17)
E(sx?yz, V3), (18)

obtained in (ii) and (iii) above, one will find that integrals such as H (one-
electron core integral over s AO) and (ss|zz) appear in the expressions of all of
(16)—(18). We assume that the value of a given one of such integrals in (16) is
equal to the weighted mean of the values of that integrals in (17) and (18) with
weights ¢ and (1 —c2), respectively. The second of our assumptions is con-
cerned with those integrals which appear in not all of (16)—(18); we assume that
the value of a given one of such integrals is independent of the electron con-
figuration. '

Equations (2)—(14) can also be obtained by using the modified Opik method
[1] for the hybridized valence states and Moffitt’s method [3] for the unhybridi-
zed valence states, if the orbital approximation and the set of assumptions on
the equalities among the integrals mentioned in the preceding paragraph are
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adopted for the difference between the hybridized valence-state energy and the
weighted mean of the energies of the pair of the unhybridized valence states,
given as the left-hand side of each of Egs. (2)—(14). It is to be noted that
Egs. (7), (8), and (10) have already been derived by the present author [4] for
special cases where ¢, =0.

3. Numerical Evaluation

To evaluate the energies of hybridized valence states with Egs. (2)—(14), those
of unhybridized valence states must be determined first. These values are pref-
erably determined directly from the observed term values as described by
Moffitt [3]. Although Pritchard and Skinner [5] have already given such results,
we have determined the energies of all the unhybridized valence states belonging
to the configurations of 1s?2s™2p" (m=0,1,2; n=0,1,... 6) for the neutral
atoms, the singly-negative ions, and the singly- and the doubly-positive ions of
carbon, nitrogen, and oxygen with Moffitt's procedure. The results are given in
Table 1. The observed term values have been taken from Moore’s table [6] by
averaging out the fine structure, each component of a particular term being given
a weight of 2J+ 1. When no observed term values are available, the values
obtained by extrapolation along isoelectronic series, have been used. In doing
extrapolations, quadratic functions of atomic number have been used for most
cases, but linear function had to be used for 1s% 2p® 2P for lack of data, while
cubic functions have been used for 1s* 2p® 'S, 15 2s% 2p° 2P, and 1s? 2s* 2p* *P,
because term values extrapolated for the negative ions using quadratic functions
have turned out to be higher than those of the neutral atoms for these isoelectronic
series; one would expect that the term value of a given term should decrease with
decreasing (positive) ionic charge along isoelectronic series. For the 1s* 2p* con-
figuration, reliable term values are available only for O?*, so that no inter-
or extrapolation is possible for this isoelectronic series. The energies of the valence
states of C and N™ belonging to this configuration have therefore been deter-
mined from the semiempirical values of the average energy E,, of the configura-
tion and of F2(2p, 2p) given by Anno and Teruya [7].

Another data necessary for using Egs. (2)—(14) are the values of the quanti-
ties Q and R defined by Egs. (15). The values of (xy|xy) and (sx|sx) may be
evaluated from F2(2p, 2p) and G'(2s, 2p), respectively, since it holds that

(xy|xy) = (3/25) F*(pp). (19
(sx]sx) = (1/3) G'(sp). (20

The @ value on the other hand may be evaluated from the energy change AE
of the reaction
2A(sxy™z") — A(s2y™z") + A(x? y™z") 21)

and the (sx|sx) value determined by Eq. (20), since it can be shown that

AE =(ss]ss) + (xx|xx) — 2(ss|xx) + (sx| sx) (22)
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Table 1. Energies of valence states of atoms and ions of carbon, nitrogen, and oxygen as calculated
with Moffitt’s method (eV)*

Valence state Energy Valence state Energy
sx, V, c2* 8.0392 x2y2, V, C 20.7225%
xy, Vs (o 17.2946 N* 30.0113%
x2%, Vy cxt 19.5939 o+ 38.8301
stx, V, ct 0.0053 stxyz, V, Cc- (0.7243)
(=sp, 2P) N2+ 00144 N 1.1915
sxy, Va c* 8.4172 o+ 1.6619
N2+t 11.2025 s’x%y, ¥, c- (1.8063)
sx2, V, c* 10.1780 N 29787
NZ+* 13.7599 ‘ o+ 4.1696
xyz, Vs c* 18.1258 sxyz, V, c- (9.1461)
N2t 241612 N (14.1669)
x?y, V3 ct 19.7816 o+ 19.1647
N2+ 26.8635 sx?y2 v, C™ (10.2282)
s*xy, V, C 0.3187 N (16.0406)
N* 0.4828 o~ 21.8010
o2+ 0.6474 x2y*z, V, (o (18.7542)
s*x%, ¥, C 1.7367 (=p°2P) N (29.0878)
N* 2.6160 o (39.4215)
o+ 3.4590 s’x%yz, V, N~ (0.3398)
sxyz, V, C 8.2605 o) 0.4989
N* 119532 s2x22, V, N- (1.8503)
o 15.3933 O 2.7072
sx?y, V, C 9.8502 sx2y?z, V, N~ (124735
N* 14.1812 O 17.6229
0*"  18.3555 x2y?z3, V, N~ (24.2436)
x2yz, V, C 18.8124° (=p5,18) 0 (36.2761)
N* 27.1765" s2x2y?z, vV, (o (0.0061)
o 35.6297 =s2p3,2P)
sx?y? 22, v, o~ (14.9792)
(=sp°,5)

® The valence state energies given are referred to the ground states of the respective atoms or ions.
The observed term values necessary for the evaluation of the valence-state energies have been
taken from Moore [6] by averaging out the fine structure, each component of a particular term
being given a weight of 2J 4+ 1. If no observed term value is available, the value obtained by
extrapolation along isoelectronic series has been used. The valence-state energies based on such
extrapolated term values are enclosed in parentheses. See Section 3 of text for detail.

For isoelectronic series atoms with 1s* 2p* configuration, reliable term values are available only
for O%7, so that no inter- or extrapolation is possible for this isoelectronic series. The energies of
the valence states of C and N™ belonging to this configuration have therefore been determined
from the semiempirical values of the average energy E,, of the configuration and of F2(2p, 2p). As
for F(2p, 2p) for this purpose, “corrected values™ given in Table 2 of Ref. [7] have been used, while
the E,, values have been obtained by the same method as described in footnote f to Table 1 of
Ref. [7], except in that a quadratic function has been used for extrapolation.

for Reaction (21) within the usual orbital approximation. In either sides of
Reaction (21), the two atoms concerned are supposed to be separated infinitely
from each other. Moreover, the spins of electrons belonging to different orbitals
of a given atom are supposed to be random. This means that the atoms are in
valence states, although the valency number, which depends upon the m and the n



134 T. Anno:

values, is not shown. Thus, the 4E of Reaction (21) may easily be evaluated
with the data of Table { if A is the atom or an ion of C, N, or O. It is to be
noted that the Anno-Teruya values [7] of F? and G' have to be used for
Egs. (19) and (20), because some of the data of Table 1 are based on these
values!.

Although we have described all the prescriptions and the data necessary for
the application of our formulas derived in Section 2, a numerical example should
facilitate the understanding of our prescriptions. For this purpose, a neutral
nitrogen atom in its valence state tr2 tr, try z, V3, where try, tr,, and tr, are three
equivalent sp? hybrid AO’s lying in the xy plane, will be considered, because this
is the example adopted in a previous publication [1]. Now, if one would look
at Table 1, remembering that x, y, and z are equivalent with each other, it should
not be difficult to find that Eq. (21) as applied to the present example is

N(sxy?z, V3)=»N(s*y*z, V) + N(x*y*z, V).

Therefore, it is rather straightforward to obtain 9.2099 eV as the energy of this
valence state above the ground state of the nitrogen atom from Eq. (10), by using
the data of Table 1 and the G*(2s, 2p) value taken from Table 3 of Ref. [7], since
¢t =ckL=c%=1/3 and ¢% =0 in the present example. The value obtained for
the same quantity with the modified Opik method [1], by using the data which
are used previously [1] and are the same as those used in the present work, is
9.2097 ¢V. This is very close to 9.2099 eV obtained above.

Appendix
Addenda and Corrigenda for Previous Work [1]

Since a valence state is an eigenstate neither of 2, S?, L,, nor of S, in
general cases, more than one component of a given multiplet may be involved
in an expansion of a valence-state wavefunction @,. This fact has been disre-
garded in Ref. [1]. Therefore, Egs. (1) and (2) of Ref. [1] must now be written
as

~ N Sr

Dy = Zl 'Zﬁ € iy (A1)
N [

@V = Zl 'Zl Cr,iwhi (Az)

respectively, where vy, ; is the wavefunction of the i" component of the r®

multiplet, which is supposed to be in an f,-fold degeneracy if the spin-orbit

1 As for the G'(2s, 2p) value, it is inevitable to use that of the sp" configurations, since the semi-
empirical value of this parameter can be determined only for such type of configurations. As for the
F?(2p, 2p) value, it would be logical to use an appropriate weighted mean of values determined for
different configurations of a given atom (or ion) if available. For example, the F(2p, 2p) value to be
used for the calculation of the R value of Eq. (8), through Egs. (15) and (19), would be the weighted
mean of its values determined for the s*p? and the sp® configurations with weights ¢ —c% and
1—c2 + cZ, respectively.
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interaction is neglected and c, ; is the expansion coefficient, the order notations
being the same as those used in Ref. [1]. As a consequence, we have

N fr fs ft
Dy= 3 Y Wt D Wit Y Wi (A.3)
=1 =1 =
r#s,t

instead of Eq. (7) of Ref. [1] and similarly for Eqgs. (4) and (6) of Ref. [1]. As in
Ref. [1] s and ¢ refer to the multiplets of the same symmetry by definition and
s ; and y; ; must correspond to the same M; and the same M; values in order
that they interact to each other. Therefore, it holds that

fs=h=rs (A4)
and that
N [ s
E, = Z1 'Z1 e, il < il | v
rr#_s,t =
L 2 ’ L 2 ’ ’
+ .Zl les i * <wg, il 1y 0 + 'Zﬁ lez, ol * < o1 1t > (A.5)

!
+ '21 (c&ice it ¢ icl) el 1w -
=
If the spin-orbit interaction is neglected, the matrix elements involved in Eq. (A.5)
are independent of i, so that this equation may be reduced to

N
EV = Z (
r=1
rESs,t

i

fr
Ic,,i|2) ol
=1

f f
" (Z |cs,i|2) PRI + (z |c,,,-|2) Wiy (A8
i=1 i=1

‘|,

which shows that the following replacements are necessary in Eq. (8) of Ref. [1]:

M~

(e + cs,ic?:i)} <yl # v
1

fr
le? > Y leof?
i=1

f
|cs'2_) Z Ics,il2
= (A7)
Ictlz_’ Z |Ct,i|2‘
i=1
S
cre,+cfe— Z (c:iict,i+cs,ic:i)
i=1
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This set of replacements is also necessary in Egs. (3), (5), (13), (15), and (17) of
Ref. [1]. Fortunately, however, the conclusions of Ref [1], including the
numerical value of E,(I) — E, (II) (see Eq. (26) of Ref. [1]), are unchanged with
this modification. This is due to the fact that the set of replacements is necessary
in Egs. (13) and (15) of Ref. [1] at the same time.

Acknowledgements. This work has been motivated by the work which the present author has
been doing in collaboration with Mr. Hirohide Teruya on the electronic structure of the nitrogen-
containing heterocyclic molecules and the carbonyl-containing molecules. The author is grateful to
him for this collaboration and for his help in the numerical calculations on the unhybridized valence
state energies. He is also grateful to Dr. Uno Opik of the Queen’s University, Belfast. Dr. Opik has
been kind enough to read the manuscript of the present paper and to send unpublished details of
his calculations, which have been very useful in confirming the results and the conclusions given in
the present paper.

References

. Anno, T.: Theoret. chim. Acta (Berl.) 25, 248 (1972).

. Opik, U.: Mol. Phys. 4, 505 (1961).

. Moffitt, W.: Rept. Progr. Physics 17, 173 (1954).

Anno,T.: J. chem. Phys. 29, 1161 (1958).

. Pritchard,H. O., Skinner,H.A.: Chem. Rev. 55, 745 (1955).

. Moore,C.E.: Atomic energy levels as derived from the analyses of optical spectra. Vol. 1.
Washington, D.C.: National Bureau of Standards (U.S.), Circular No. 467, 1949.

7. Anno, T, Teruya,H.: Theoret. chim. Acta (Berl) 21, 127 (1971).

[N R I ST O

Professor Dr. Tosinobu Anno
Laboratory of Chemistry
College of General Education
Kyushu University
Ropponmatsu, Fukuoka

810 Japan



